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Abstract. We prove a family of 3-term relations in the Grothendieck ring of the category of 
finite-dimensional modules over the affine quantum algebra of type Gi extending the celebrated 
T-system relations of type G2. We show that these relations can be used to compute classes 
of certain irreducible modules, including classes of all minimal affinizations of type G2. We use 
this result to obtain explicit formulas for dimensions of all participating modules. 



1. Introduction 

Kirillov-Reshetikhin modules are simplest examples of irreducible finite-dimensional modules 
over quantum affine algebras, and the T-system is a famous family of short exact sequences of 
tensor prodcuts of Kirillov-Reshetikhin modules, see [KR90J, [KNS94 , [Nak03j, |Her06j . There 
are numerous applications of the T-systems in representation theory, combinatorics and inte- 
grable systems, see the survey |KNSllj . 

Minimal affinizations of quantum affine algebras form an important family of irreducible 
modules which contains the Kirillov-Reshetikhin modules, see [CP95bj . A procedure to extend 
the T-system to a larger set of relations to include the minimal affinization was described in 
|MYllb| . where it was conjectured to work in all types. In [MYllb] this procedure was carried 
out in types A and B. In this paper, we show the existence of the extended T-system for type 
G 2 . 

We work with the quantum affine algebra U q Q of type G 2 - The irreducible finite-dimensional 
modules of quantum affine algebras are parameterized by the highest Z-weights or Drinfeld 
polynomials. Let T be an irreducible Z7 9 g-module such that zeros of all Drinfeld polynomials 
belong to a lattice aq 1, for some a € C x . Following [MYllbj . we define the left, right, and 
bottom modules, denoted by C, 1Z, B respectively. The Drinfeld polynomials of left, right, and 
bottom modules are obtained by stripping the rightmost, leftmost, and both left- and rightmost 
zeros of the union of zeros of the Drinfeld polynomials of the top module T. 

Then the relations of the extended T-system have the form [£][7£] = [T][£>] + [S], where 
[•] denotes the equivalence class of a {7 g g-module in the Grothendieck ring of the category of 
finite-dimensional representations of U q Q. Moreover, in all cases the modules T ® B and S are 
irreducible. 

We start with minimal affinizations as the top modules T, then the left, right and bottom 
modules are minimal affinizations as well. We compute S and decompose it as a product of 
irreducible modules which we call sources. It turns out that the sources are not always minimal 
affinizations. Therefore, we follow up with taking the sources as top modules and compute new 
left, right, bottom modules, and sources. Then we use all new modules obtained on a previous 
step as top modules and so on. 
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We end up with several families of modules which we denote by B ke , C ke , -^kti 
^k\i ^ich ^kii ^kf> ^kli wnere s ^ k,£ G Z>o- This is the minimal set of modules which 
contains all minimal affinizations (these are modules B k l, B^l) and which is closed under our 
set of relations. Namely, if any of the above modules is chosen as a top module then the left, 
right, bottom modules and all sources belong to this set as well, see Theorems 13.41 YTM 

(s) (s) (s) 

We show that the extended T-system allows us to compute the modules B ki , C ki , T> ki , 

£ k \, F k \ recursively in terms of fundamental modules, see Proposition 13.61 We use this to 
compute the dimensions of all participating modules, in particular, we give explicit formulas for 
dimensions of all minimal affinizations of type G2, see Theorem 18.11 We hope further, that one 
can use use the extended T-system to obtain the decomposition of all participating modules as 
the [/ g 0-modules. 

Let us point out some similarities and differences with types A and B. The type A, the 
extended T-system is closed within the class of minimal affinizations, meaning that all sources 
are minimal affinizations as well. In type B, the extended T-system is not closed within the class 
of minimal affinizations, but it is closed in the class of so called snake modules, see [MYllbj . 
For the proofs and computations it is important that all modules participating in extended T- 
systems of types A and B are thin and special, moreover their (/-characters are known explicitly 
in terms of skew Young tableaux in type A, and in terms of path models in type B, see |Che87] . 
|JNT98| . [MYllaj . |MYllb| . 

In general the modules of the extended T-system of type G2 are not thin and at the moment 
there is no combinatorial description of their (/-characters. However, all modules turn out to 
be either special or anti-special. Therefore we are able to use the FM algorithm, see |FM01j . 
to compute the sufficient information about (/-characters in order to complete the proofs. Note, 
that a priori it is was not obvious that the extended T-system will be closed within special or 
anti-special modules. Moreover, since the (/-characters of G2 modules are not known explicitly, 
the property of being special or anti-special had to be established in each case, see Theorems 
133117^1 

Note that in general the minimal affinizations of types C, D, E, F are neither special nor 
anti-special, therefore the methods of this paper cannot be applied in those cases. 

There is a remarkable conjecture on the cluster algebra relations in the category of finite- 
dimensional representations of quantum affine algebras of type A,D,E, see pHLlO]. Taking into 
account the work of [IIKKNIOaJ, [IIKKNIOb], one could expect that the conjecture of }HL10] 
can be formulated for other types as well, in particular for type G2. We expect that the extended 
T-system is a part of cluster algebra relations. 

The paper is organized as follows. In Section[2l we give some background material. In Section 
El we define the modules B ki , C k s j, T>jf], S^v rfcl an< ^ state our main result, Theorem 13.41 In 

Section [U we prove that the modules B$, C$, V { k % £ ( k % are special. In Section [5l we 
prove Theorem 13.41 In Sectional we prove that the module T ®B is irreducible for each relation 
in the extended T-system. In Section we deduce the extended T-system for the modules B k£ , 

^k\i ^k\' ^tl' I n Section [8l we compute the dimensions of the modules in the extended 

T-systems. 
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2. Background 

2.1. Cartan data. Let q be a complex simple Lie algebra of type G2 and f) a Cartan subalgebra 
of q. Let I = {1, 2}. We choose simple roots «i, «2 and scalar product (•, •) such that 

(ai,«i) = 2, (ai,a 2 ) = — 3, (02,02) = 6. 

Let {a^a^} and {^1,^2} be the sets of simple coroots and fundamental weights respectively. 
Let C = (Cij)ij & i denote the Cartan matrix, where CV,- = -r^r^y ■ Let T\ = 1, T2 = 3, D = 
diag(ri,r2) and B = DC. Then 



C 



2 -3 
-1 2 



B 



2 -3 
-3 6 



Let Q (resp. Q + ) and P (resp. P + ) denote the Z-span (resp. Z>o-span) of the simple roots 
and fundamental weights respectively. Let < be the partial order on P in which A < A' if and 
only if A'-AgQ+. 

Let g denote the untwisted affine algebra corresponding to g. Fix a ? € C x , not a root of 
unity. Let qi = q Vi ,i = 1,2. Define the (/-numbers, (/-factorial and (/-binomial: 



n 



q •" 



n _ q -n 

_! > Wff! : = [n]q[n ~ l]q ■ ■ ■ [l]q, 



III 



q- 



n — m\„\\m 



q [[m] q \ 



2.2. Quantum affine algebra. The quantum affine algebra U q Q in Drinfeld's new realization, 
see |Dri88j . is generated by xf n (jel,ne Z), kf l (i G I), h^ n (i G I,n G Z\{0}) and central 
elements c ±1//2 , subject to the following relations: 



K i X j,n K i 



re* x ± 



1 c n - c 

8 n .~ m — \nB. 



J n,—m 

n 

c (n-m)/2 ( p- 



i 3\q - 
q — q 1 



l X i,ni X j,m\ 



i,n+m 



c -(n-m)/2 ( j ): 



i,n+m 



<H ~ Qi 



£ £(-*)' 



ttGS s fc=0 



X ± 



0, s — 1 — Cjo, 
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for all sequences of integers n\, . . . , n s , and i ^ j, where T, s is the symmetric groups on s letters 
and 4>f n 's are determined by the formula 



■-(u) := J2 4« ±n = kf 1 exp ±(q - q' 1 ) ]T h h±m u ±m . (2.1) 



n=0 \ m=l 



There exist a coproduct, counit and antipode making U q Q into a Hopf algebra. 

The quantum affine algebra U q Q contains two standard quantum affine algebras of type A\. 
The first one is U qi {s\2) generated by xf n (n G Z), kf 1 , h\. n (n € Z\{0}) and central elements 
c ±i/2_ -p^g seconc i one i s jj q2 (sl 2 ) generated by x 2n (n 6 Z), kf 1 , 7t2,n ( n £ ^\{0}) an d central 
elements c ±:L / 2 . 

The subalgebra of U q Q generated by {kf)i & i, (xf )i(zj is a Hopf subalgebra of U q Q and is 
isomorphic as a Hopf algebra to C/ g 0, the quantized enveloping algebra of g. In this way, U q g- 
modules restrict to f/ g g-modules. 

2.3. Finite-dimensional representations and g-characters. In this section, we recall the 
standard facts about finite-dimensional representations of U q Q and g-characters of these repre- 
sentations, see |CP94j . |CP95aj . |FR98| . [MYllbj . 

A representation V of U q Q is of type 1 if c ±1//2 acts as the identity on V and 

V = V x , V x = {vGV:k lV = q^v}. (2.2) 

xeP 

In the following, all representations will be assumed to be finite-dimensional and of type 1 
without further comment. The decomposition (j2.2j) of a finite-dimensional representation V 
into its L^g-weight spaces can be refined by decomposing it into the Jordan subspaces of the 
mutually commuting operators 4>f± rl see [FR98] : 

V = © V v 7 = tii±r)iel,rez> , 7f±r € C, (2.3) 

7 

where 

V 7 = {v G V : 3fc G N, V, G J, m > 0, (<^ ±m - 7 f ±m )^ = 0}. 

If dim(Ky) > 0, then 7 is called an l-weight of V. For every finite dimensional representation of 
UqQ, the /-weights are known, see |FR98j . to be of the form 

^k(..\ — V-v± v ±r - gtosQi-to&Rt Qi{uq~ l )Ri{uqi) ,„ 4) 

~^ Qi{uqi)Ri{uqi ) 

where the right hand side is to be treated as a formal series in positive (resp. negative) integer 
powers of u, and Qi, Ri are polynomials of the form 

Qi(u) = Hi 1 ' ua) w '' a , Ri(u) = J[ (1 - uaf*-% (2.5) 

aeC x aeC x 

for some Wi^ a ,Xi A G Z>o,i G /, a G C x . Let V denote the free abelian multiplicative group 
of monomials in infinitely many formal variables 0^, o )ieI aec x ■ There is a bijection 7 from 
V to the set of /-weights of finite-dimensional modules such that for the monomial m = 
IWaeC* Y^' a ~ x " a , the /-weight 7 (m) is given byglj.gl. 
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Let 7LV = ^[^ = ^ 1 ]ie/,aeC x be the group ring of V. For x £ we write m G V if the 
coefficient of m in x is non-zero. 

The g-character of a [T^g-module V is given by 

Xq(V) = J] dim(y m )m G ZP, 



where F m = F 7 ( m ) . 

Let Rep(U q g) be the Grothendieck ring of finite-dimensional representations of U q g and [V] G 
Rep(C/ g g) the class of a finite-dimensional [T^g-module V. The (/-character map defines an 
injective ring homomorphism, see [FR98J, 

Xq : Rep(U q Q) ->> Z7>. 

For any finite-dimensional representation 1/ of C/ g g, denote by ^(V) the set of all monomials 
in Xq(y). For each j G J, a monomial m = Ilie/aec* ^a'"' wn ere Ui iQ are some integers, is 
said to be j-dominant (resp. j -anti- dominant) if and only if Uj a > (resp. Uj a < 0) for all 
a G C x . A monomial is called dominant (resp. anti- dominant) if and only if it is j-dominant 
(resp. j-anti-dominant) for all j G /. Let V + C V denote the set of all dominant monomials. 

Let V be a representation of U q Q and m G *rff(V) a monomial. A non-zero vector v G V m is 
called a highest l-weight vector with highest l-weight 7(771) if 

x+, ■ v = 0, ^ i)±i • tj = 7(m)^ ±t ?j, Vi e I,r eZ,t e Z> . 

The module V is called a highest l-weight representation i£V = U q Q ■ v for some highest /-weight 
vector i> G V. 

It is known, see [CP94J, [CP95a , that for each m + G V + there is a unique finite-dimensional 
irreducible representation, denoted L(m+), of t7 g g that is highest /-weight with highest /-weight 
7(771+), and moreover every finite-dimensional irreducible /7 g g-module is of this form for some 
m + G V + . Also, if m + ,77i + G V + and m+ ^ m, , then L(m+) 9= L(m' + ). For m+ G "P -1- , we use 
X g (m+) to denote Xq{m+)- 

The following lemma is well-known. 

Lemma 2.1. Letmx,m2 be two monomials. Then L{rn\m<2) is a sub-quotient of L(m\)<g)L{m2). 
In particular, ^t{L{m\m<2)) C ^({L{jri\))^{L{jri2)). □ 



For b G C x , define the shift of spectral parameter map r& : 7LT — > Z7 7 to be a homomorphism 

7"6Xg(^l) = X Q (^2)- (2.6) 



of rings sending Y^ 1 to Let mi,m2 G 7 ?+ . If rj(mi) = 777,2, then 



A finite-dimensional /7 g g-module V is said to be special if and only if ^(V) contains exactly 
one dominant monomial. It is called anti-special if and only if ^(V) contains exactly one 
anti-dominant monomial. It is called thin if and only if no /-weight space of V has dimension 
greater than 1. It is said to be prime if and only if it is not isomorphic to a tensor product of 
two non-trivial L^g-modules, see |CP97| . Clearly, if a module is special or anti-special, then it 
is irreducible. 

Define A ija G V, i G I, a G C x , by 
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Let Q be the subgroup of V generated by Ai ja ,i G /, a G C x . Let Q ± be the monoids generated 
by Afl,i G /,a G C x . There is a partial order < on V in which 

m < w! if and only if m'mT 1 G Q + . (2-7) 

For all m + G V + , Jt{L{m + )) C m + Q~, see |FM01| . 

A monomial m is called rig/ii negative if and only if Va £ C x and Mi G /, we have the following 
property: if the power of Yj ja is non-zero and the power of Yj aq k is zero for all j G I,k G Z>o, 
then the power of 1^ is negative. For i E I,a G C x , is right-negative. A product of 
right-negative monomials is right-negative. If m is right-negative, then m! <m implies that ml 
is right-negative. 

2.4. Minimal affinizations of [T^g- modules. Let A = kuj\+iui2- A simple L^g-module L(m_|_) 
is called a minimal affinization of V(X) if and only if m+ is one of the following monomials 

i=0 / 

for some a G C x , see [CP95b| . In particular, when k = or £ = 0, the minimal affinization 
L(m+) is called a Kirillov-Reshetikhin module. 

Let L(m+) be a Kirillov-Reshetikhin module. It is shown in |Her06] that any non- highest 
monomial in ^#(L(m+)) is right-negative and in particular L{m + ) is special. 

2.5. g-characters of f/ g s[2-modules and the FM algorithm. The (/-characters of U q s\2- 
modules are well-understood, see |CP91] . |FR98| . We recall the results here. 

Let Wu^ be the irreducible representation U q si2 with highest weight monomial 

k-l 

,(a) 





4° = II n. 



j=0 



where 1^ = Y\ a . Then the g-character of is given by 



k i-l 
i=0 j=0 



where A a = Y aq -iY aq . 

For a G C x ,k G Z>i, the set s[ = {ag |fc ~ 2i ~ 1 }j = o....,fc-i is called a string. Two strings x[ 
and S^,™ ^ are said to be in general position if the union s[ a ^ U si" ^ is not a string or X^ C s[" ^ 
or 2, fc/ . 

Denote by L(m+) the irreducible t/qS^-module with highest weight monomial m + . Let m + ^ 
1 and G Z[Y^] agC x be a dominant monomial. Then m+ can be uniquely (up to permutation) 
written in the form 

/ \ 



m + = n 



i=l 



n « 



K) 
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where s is an integer, T!^ l \i = 1, . . . , s, are strings which are pairwise in general position and 



L(m + ) = (g)<<\ Xg (m + ) = Ux q (wtT h 
i=i i=i 

For j G I, let 



be the ring homomorphism which sends, for all a G C x , Yfe ifl i— >• 1 for k ^ j and Yj jQ , i— > Y a . 

Let y be a C/ g g-module. Then /3i(x g (V^)), i = 1,2, is the (/-character of V considered as a 
£^i(sl2)-module. 

In some situation, we can use the (/-characters of [/^s^-modules to compute the (/-characters 
of C/ g 0-modules for arbitrary g, see Section 5 in [FMOlj . The corresponding algorithm is called 
the FM algorithm. The FM algorithm recursively computes the minimal possible (/-character 
which contains m+ and is consistent when restricted to [/^(s^), i = 1,2. For example, if a 
module L(m + ) is special, then the FM algorithm applied to m + , see [FMOlj, produces the 
correct (/-character Xq( m +)- 

2.6. Truncated (/-characters. We use the truncated (/-characters ([HLlOj. [MYllbj ). Given 
a set of monomials KcP, let Z7£ C TIP denote the Z- module of formal linear combinations of 
elements of 1Z with integer coefficients. Define 



trunc^ :V—>7t; m i->- 



m if m G 1Z, 
if m g" K, 



and extend trunc^ as a Z-module map HP — > HTZ. 

Given a subset U C / x C x , let Qjj be the subgroups of Q generated by Ai jCL with (i, a) G U. 
Let Qy be the monoid generated by with (i, a) G U. We call trunc m+ g- Xq( m +) the 
q-character of L(m + ) truncated to U. 

If U = I x C x , then trunc m+s - Xq( m +) 1S the ordinary (/-character of L{m + ). 

In some cases, the truncated (/-characters can be computed using the following theorem. 

Theorem 2.2 ( Theorem 2.1, [MYllbj ). Let U C I x C x and m + G V + . Suppose that M C V 
is a finite set of distinct monomials such that 

(i) M C m + Q-, 

(ii) P + DM = {m+}, 

(Hi) for all m G A4 and all (i, a) G U, ifmA~^ M., then mA^ a Aj^ G" M. unless (j, b) = (i, a), 
(iv) for all m G A4 and all i G I, there exists a unique i-dominant monomial M G A4 such that 



taC ft(MQ-) Xq(Pi(M)) = Pi( m ')- 

Then 



m 'e m Q{i}xcx 



trUnC m+Q- Xq(m+)= Yl m - 
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Here by Xq(Pi{M)) we mean the g-character of the irreducible [/^(s^-module with high- 
est weight monomial /3j(M) and by trunc^ (MQ^) we mean keeping only the monomials of 
Xq(Pi(M)) in the set ft(MQ-). 



3. Main results 

3.1. First examples. Without loss of generality, we fix a £ C x and consider modules V with 
jtfiy) C Z[3^ aq k)iei,keZ- m the following, for simplicity we write is^ij 1 (s G Z) instead of 
^i,ag s , respectively. The (/-characters of fundamental modules are easy to compute by 

using the FM algorithm. 

Lemma 3.1. The fundamental q- characters for U q Q of type G2 are given by 

X 9 (lo) = lo + l^ 1 2i + l 4 l 6 27 1 + l4l 8 1 + l 6 1 l 8 x 2 5 + li 2ii 1 + ir 2 1 . 

X 9 (2 ) = 2o + lll3l526 1 + lll3lf 1 + lll 5 _1 lf 1 24 + l3 1 l5 ll f l2 224 
+ lll92 10 1 + 2 4 2 g 1 + 1 3 1 lg222 10 1 + I5l7lg2 g 1 2 1 q 1 + lll xl 

+ I3 1 lll 1 22 + 1 + I5I9 In 1 + I7 I9 111 ^6 + ^12 ■ ^ 

For s G Z, Xg(ls) an d Xg(2 s ) are obtained by shift all indices by s in XqO-o) and Xg(2o) 
respectively. 

It is convenient to keep in mind the following lemma. 
Lemma 3.2. If b G Z\{±2, ±8, ±12}, then 

L(1 1 6 ) = L(l ) 8) L(l&), diniL(l l b ) = 49. 
1/6 € Z\{±6, ±8, ±10, ±12}, then 

L(2 2 b ) = L(2o) ® L(2 6 ), dimL(2 2 6 ) = 225. 

If b € Z\{±7,±H}, tten 

L(l 2 6 ) = L(l ) ® L(2 6 ), L(2 l 6 ) = L(2 ) L(l 6 ), dimL(l 2 fe ) = dimL(2 l 6 ) = 105. 
In addition, we have 

dimL(l l 2 ) = 34,dimL(l l 8 ) = 42, dimL(l li 2 ) = 48, 

dimL(2 2 6 ) = 92, dim L(2 2 8 ) = 210, dimL(2 2i ) = 183, dim L(2 2i 2 ) = 224, 
dimL(l 2 7 ) = dimL(2 l 7 ) = 71, dimL(l 2n) = dimL(2 ln) = 98. 

Proof. By Lemma 13.11 the tensor products in the first three cases of the lemma are special. 
Therefore the tensor products are irreducible. Hence the first three cases of the lemma are true. 
The last part of the lemma can be proved using the methods of Section In fact some of the 
dimensions follow from Theorem 18.11 We do not use this lemma in the proofs. Therefore we 
omit the details of the proof. □ 



EXTENDED T-SYSTEM OF TYPE G 2 9 

3.2. Definition of the modules ^ S ],Q S ],X'^. S ],^ S ], J^\. For s € Z, k,£ G Z>o, define the 
following monomials. 

it 




Theorem 3.3. T/ie modu/es B%\, C%\,V%\, seZ, k,£e Z>o, are special. In partic- 



= ( II ls+2i ) I II 2 «+2fc+6i+3 J I Y\. 2 «+2fc+6i+5 1 • 
\j=0 / \ i=0 J \ i=0 J 

Note that, in particular, for k € Z>o, s £ Z, we have the following trivial relations 

fc>M _ r><» _ ^(s- 4 ) -nM — p( s ) — rC 3-1 ) _ tt( s - 6 ) _ t-( s ) (o i\ 

u k,0 ~ u fc,0 ~~ ^O.fc ' u kfi~ u k,V °k,0 ~ D 0,k ~ ~- r kfl- 

Denote by , , T>^\ , £^ s j , the irreducible finite-dimensional highest /-weight U q g- 

modules with highest /-weight , , , E^ s ] , respectively. 

Note that B^\, T>q\, are minimal affinizations. The modules B^j, Cq S ], .Fq^, Sj.q, C^q, 

^ S q, are Kirillov-Reshetikhin modules. 
Our first result is 

heorem 3.3. The 

ular, the FM algorithm works for all these modules. 

We prove Theorem 13.31 in Section [U Note that the case of B^\ has been proved in Theorem 
3.8 of |Her07| . In general, the modules in Theorem 13.31 are not thin. For example, has 
monomial l^gl^ Ixq 1 with coefficient 2. 

(s) (s) 

3.3. Extended T-system. It is known that Kirillov-Reshetikhin modules B k , Bq ^ satisfy the 
following T-system relations, see [K R90] . 

i4: ] M7 2) ] = H:iM s t 2 h + ^]M$]M s 0' (3 - 2) 
p$ [4:o +6) ] = PiSi,oi + > (3-3) 

where s 6 Z, k,£ & Z>i. 
Our main result is 

Theorem 3.4. For s € Z and k,£ G Z>i ; t S Z>2, we /lave the following relations in Hep(U q Q) . 

[41x1 [4-3 = [41] [4-5-J + r vi ] [ 0( L $to 6) ] » ( 3 - 4 ) 

'0/J 



[<i] = [4 s 4'lo][4iro]' (3 - 5) 



[^] = [^; L ij][ s r$j,o]' (3 - 6) 
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[<ii]6 



(«+2)i 
t-11 J 



rc( s )irp( s + 2 ) i 
L c t,£ JL°t-l/-lJ 



+ < 



rr)( s + 1 )irR( s + 3 )uH( s + 5 ) i 

\. u r,p-l\ FV+P,oJ l/-V,3p-2J 
(s+1) lrMH-S^rWs+S) i 
V+p+l,oJ \~r,p \l a r,3p-ll 
ro(s+l) lrT> (s+3) lrH (s+5) 
l Z -'r+l,3p-2J[ iy r 



[B 
[B 



, „_i][B r+ qJ 

,(s+l) ir„(s+3) lr ^(s+5)i 
V+l,3p-lJl"r+p+l,oH L ' r '>P J 
lrK (s+3) W«+5)i 



V+p+ljOJ Pr+l,3p-2 



r r (s+l)i r'»(s+3) urO+5 
l u r+l,pJ L°r+l,3p-lJ l D ; 



r+p+l,0J 



i/t 
i/t 
i/t 
t/t 
i/t 
ift 



■ 3r + 2,t 
■3r + 2,t 
3r + 3,> 
: 3r + 3,^ 
: 3r + 4, j 
: 3r + 4,4 



2p-l, 
2p, 

2p-l, 
2p, 

2p-l, 
2p, 

(3.7) 



(«+6)i 



r/i(«)ir ( -'( s +6) 
L u Mh , -fc-l,jf- 



1 + rjr( s+1 ) 1 

lJ t K 3Jfc-2.3£-2J i 



(3.8) 



to 



£,0 J 



'£-1,0 



+ [B, 



0,3£-U> 



(3.9) 



to irr>( s+6 )i 



-.toimtoH 3 ) l , rx-( s + 1 ) l 

-lJ ' K 3fc-l ,3£— lJ ' 



fc-1, 



(3.10) 



, ( s ) ux-^i-^i 
KW-lJ Kfc-l,d 



(3.11) 



We prove Theorem 13.41 in Section 



to 
fc,0 



-B^j, equations for 2p£q are included in the equations for B^\. 



Note that since D 

All relations except (|3.5p . (|3.6p in Theorem 13.41 are written in the form [£][7£] = [T][£>] + [S], 
where C, 7Z, T, B are irreducible modules which we call left, right, top and bottom modules and 
S is a tensor product of some irreducible modules. We call the factors of 5 sources. Moreover, 
we have the following theorem. 



Theorem 3.5. For each relation in Theorem \3.4\ all summands on the right hand side,T <8> B 
and S, are irreducible. 

We will prove Theorem 13.51 in Section [6l 

Recall that the q-characters of modules for different s are related by the simple shift of indexes, 
see (22). 

We have the following proposition. 

Proposition 3.6. Given x ? (l s ), x 9 (2 s ), one can obtain the q-characters ofB^l, C^\, T>^\, sjfl, 
J~u S f, s € Z, k,£ & Z>q, recursively, by using \3.1\) . and computing the q-character of the top 



module through the q-characters of other modules in relations in Theorem\3.4 
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Proof. Claim 1. Let n,m be positive integers. Then the ^-characters 
X 9 (.B$), k<n, £<m, Xq (cQ), k <n — l,£ < \^^], 
Xqipfy), k<n-l,£< r^^l, Xq (4% k<3n-l,l< \^^], 
Xq(?k% k<3n-A, £<m + 2, 

can be computed recursively starting from XqO-o) , Xqi^o) ■ 

We use induction on n,m to prove Claim 1. For simplicity, we do not write the upper- 
subscripts "(s)" in the remaining part of the proof. We know that, see [Hcr06], the g-characters 
of Kirillov-Reshetikhin modules can be computed from x 9 (lo), X<7(2o)- 

When n = 0,m = 1, Claim 1 is clearly true. It is clear that x g (X>o,l) can be computed using 
(|3,9p . Therefore Claim 1 holds for n = l,m = 0, 

Suppose that for n < n\ and m < mi, Claim 1 is true. Let n = n\ + l,m = m\. We need to 
show that Claim 1 is true. Then we need to show that 

X q (B ni +i,e), £<m 1 , x q (C ni ,e), \ g 1, XgPm^), ^< [ g 1> 

Xq(£k,e), A; = 3ni,3ni + l,3ni + 2, ^< [ ], 

Xqi^k/), k = 3ni — 3, 3ni — 2, 3ni — 1, £ < m\ + 2, 

can be computed. 

We compute the following modules 

Xg(^3ni-3,^) } £ < mx + 2, Xq(^3ni-2^), £ < m x + 2, Xg(Cni,i), ^ < L— ^y— J> 

, . . . r 2mi + 1, . . r 2rn-i + 1, 
Xg(>3ni-l,i)> «<™l+2, XqiVmj), £< I g I, Xq{Cni,t),£< I g I, 

Xqfamj), ^< — -1, Xg(^3ni^) ; ^< — ~1 , XgO^m + l/), ^< — ~], 
2 y |2 ^ 2 

X«3(^3ni+2,£), ^< [ 3 1) Xq(B ni +l,e), £ < TUl, 

in the order as shown. At each step, we consider the module that we want to compute as a 
top module and use the corresponding relation in Theorem 13.41 and known (/-characters. For 
example, we consider the first set of modules Xq{^Sni-3,i)i & < m\ + 2. Since [ mi 3 +3 J < [ 2m g + ] , 
Xq(C ni ~i,e), £ < l^r^l, is known by induction hypothesis. Similarly, Xq(Pm-\j), f- - \~^ \ 
is known. Therefore XgG?"3ni-3,l)> & < m i + 2, is computed using the last equation of (|3.1ip . 

Similarly, we show that Claim 1 holds for n = n\, m = m\ + 1. Therefore Claim 1 is true for 
all n > 1 , m > 1 . □ 



4. Proof of Theorem 13.31 
In this section, we will show that the modules B^\, C^\, T>^\, £^ s j, Tjfj are special. 
Since B^\, C^j, J^jfJ, B% , C^ , £^\, \ are Kirillov-Reshetikhin modules, they are special. 
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4.1. The case of C ki . Let m + = C k l with k,£ G Z>i. Without loss of generality, we can 
assume that s = 6. Then 

7™+ = (262l2 • • • 26fc)(26fc+lo26/c+16 " " " ^6k+6£+4)- 

Case 1. k = 1. Let U = I x {aq s : s € Z, s < 6£ + 13}. Clearly, all monomials in Xg(m+) — 
trunc m+ g- Xq( m +) ar e right-negative. Therefore it is sufficient to show that trunc m+ g- Xq( m +) 
is special. 

Let Ai be the finite set consisting of the following monomials 
m = m + , mi = m A^g, m 2 = miA^ 2 , m 3 = m 2 A^ Q , m 4 = m 3 A^, m 5 = m^A^. 
It is clear that A4 satisfies the conditions in Theorem 12.21 Therefore 

tmnC m+Q- Xq{m + )= m 

and trunc m+ g- Xq( m +) is special. 

Case 2. k > 1. Since the conditions of Theorem 12.21 do not apply to this case, we use another 
technique to show that L(m + ) is special. We embed L(m + ) into two different tensor products. 
In both tensor products, each factor is special. Therefore we can use the FM algorithm to 
compute the ^-characters of the factors. We classify the dominant monomials in the first tensor 
product and show that the only dominant monomial in the first tensor product which occurs in 
the second tensor product is m + which proves that L{m + ) is special. 

The first tensor product is L(m!]) (g> L(m' 2 ), where 

m[ = 2§2\2 ■ ■ ■ 2 6 fc, m 2 = 2 6 / c+10 2 6 / i . +16 • • • 2 6 / c+6 ^ +4 . 

We use the FM algorithm to compute Xq{ m 'i)i Xq( m ' 2 ) an d classify all dominant monomials 
in Xg( m 'i)Xg( m 2)- Let m = m\m 2 be a dominant monomial, where mi £ Xq( m i)i * = 1,2. If 
m 2 7^ Tn' 2 , then m is a right negative monomial therefore m is not dominant. Hence m 2 = m' 2 . 

If mi 7^ m'i, then mi is right negative. Since m is dominant, each factor with a nega- 
tive power in mi needs to be canceled by a factor in m 2 . All possible cancellations can- 
cel 2 6 fc + i in m' 2 . We have MiyLfa^)) C M.{xq{^^i2 • • • 26fc-6)Xg(26fe))- Only monomials in 
X g (2 6fc ) can cancel 2 6fc+ i . These monomials are l6fc+i 1 6fc+92 6fe 1 f i , lefc+3 1 6fc+926fc+22g fc 1 fl0 , and 
I6fe+5l6fc+7l6fc+92g fc 1 +8 2g fc 1 +10 . Therefore mi is in one of the following polynomials 

Xg(262l2 • • • 2 6 fc_ 6 )l 6 fc+ll6fc+92g fc 1 fl0 , (4.1) 
Xg( 2 62l2 • • • 26/c-6)l 6 fc 1 +3 1 6fc+926fc+22g fc 1 +10 , (4.2) 
X<?(262l2 • • • 26fc-6)l6fc+5l6fc+7l6fc+92g fc 1 +8 2g A , 1 +10 . (4.3) 

Subcase 2.1. Let mi be in ([ITT]) . If mi = 2 6 2i 2 • • • 2 6 / c _ 6 l 6fc+ il 6fc+9 2g fc 1 +10 , then 

m = mim,2 = 2g2i2 • • • 2gfc_glgfc + ilgfc + g2gfc + ig • • • 2gfc+6^+4 (4.4) 
is dominant. Suppose that 

tn\ 7^ 262l2 ' ' ' 26fc-6l6/c+ll6fc+92g A . 1 +10 . 

Then mi = reil6fc+il6fc+92 6 ~ fc 1 + i , where n\ is a non-highest monomial in Xg(2e2i2 • • • 26fc-6)- 
Since n\ is right negative, lefc+i or l6fc+g should cancel a factor of n\ with a negative power. 
Using the FM algorithm, we see that there exists a factor lg fc _i or l§ fc , 7 in a monomial in 
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Xg(2 6 2i2---2 6fe _ 6 )l 6fc+ il 6A . +9 2 6A , 1 fl0 . By LemmaEIEJ neither l§ fc _ 1 nor lj k+7 appear. This is a 
contradiction. 

Subcase 2.2. Let mi be in (|Q]> . If mi = 2 6 2i 2 • • • 2 6fc _ 6 l^ fc 1 +3 l 6fc+ 92 6fc+2 2~ fc 1 +10 , then m = 
m,im 2 is not dominant. Suppose that mi ^ 2 6 2i 2 • • • 2 6fc _ 6 l~ fc 1 +3 l 6fc+ 92 6fc+2 2~ A ! +lcl . Then mi = 
ml6fc+3 1 6fc+926fc+22g fc 1 +10 , where n\ is a non-highest monomial in x g (2e2i 2 • • • 2 6fc _ 6 ). Since m 
is right negative, l§k+9 or 26fc+2 should cancel a factor of rii with a negative power. Using the 
FM algorithm, we see that there exists either a factor lg^ +7 or a factor 2g fc _ 4 in a monomial in 
X ? (2 6 2i 2 • • • 2 6fc _ 6 )l 6fc+ il 6fc+9 2~ fc 1 +10 . By LemmaEIEJ neither l^ fc+7 nor 2§ fc _ 4 appear. This is a 
contradiction. 

Subcase 2.3. Let m x be in ([33]). If m x = 2 6 2i 2 • • • 2 6fc _ 6 l6fc+5l6fc+7l6fe+92 6fe 1 +8 2g fc 1 +10 , then 
m = mim 2 is not dominant. Suppose that mi ^ 2 6 2i 2 • • • 2 6A ._ 6 l 6fc+ 5l 6fc+7 l 6A . +9 2g fc 1 +8 2 6fc 1 +10 . 
Then we have mi = ^il6fc+5l6fc+7l6fc+92g fc 1 +8 2 ( 7 fe 1 +10 , where n\ is a non-highest monomial in 
X 9 (2g2i2 • • • 26fc-e)- Since n\ is right negative, l6fc+5 or i6fc+7 or l6fc+g should cancel a factor 
of n\ with a negative power. Using the FM algorithm, we see that there exists a factor l6fc+7 
or l 6fe+5 or ll k+3 in a monomial in Xg(2e2i 2 • • • 2 6fc „ 6 )l 6fc+ il 6 / c+9 2~ fc 1 +10 . By LemmaEZQ l 6fc+7 , 
l6fc+5) and 1^+3 do n °t appear. This is a contradiction. 

Therefore the only dominant monomials in Xq( m i)Xq{ m 2) are m+ and (|4.4p . 

The second tensor product is L(m'{) <S> L(m 2 ), where 

m" = 2g2i 2 • • • 2$k-6, m'2 = 26A;26fc+lo26fc+16 • • • ^k+U+i- 
The monomial (|4.4p is 

re = "T- + ^4 2j6fc _ ) _374 li6fc+6 ^4 lj6fc _ ) _ 4 A 2)6fc+7 . (4.5) 

Since Ai^ a ,i 6 J, a £ C x are algebraically independent, the expression (|4.5p of re of the form 
m + iLe/ aec x \ a Z ' a ' w h ere Vi A are some integers, is unique. Suppose that the monomial n is in 
Xq( m i)Xq( m 2) ■ Then n = nin 2 , where G Xg( m f)'^ = 1>^- By the expression (|4.5p . we have 
ni = m'/ and 

n„— m"4 _1 4 _1 4 _1 4 _1 

u 2 — '"' 2 ^ i 2)6 fc + 3^ 1 i i6 / c+6 ^ 1 -i )6 fc + 4^ 1 - 2i6 fc +7 - 

By the FM algorithm, the monomial m'^A^ \k+z jii -i\k+^i\k+A^2\k+7 ls no * m Xg( m 2 )- This 
contradicts the fact that n 2 € Xg( m 2 )- Therefore re is not in Xq( m i)Xq( m 2)- 

(s) (s) 

4.2. The case of B k ' e . Let m + = B)i with k,i (z Z>i. Without loss of generality, we can 
assume that s = 6. Then 

m + = (262l 2 • • • 2 6 fc)(l 6 fc +7 l 6 / c+ g • • • \§k+2t+§)- 

Let U = I x {ag s : s 6 Z, s < 6k + 2£ + 6}. Clearly, all monomials in the polynomial Xq{ m +) ~ 
trunc m+ g- Xq( m +) are right-negative. Therefore it is sufficient to show that the truncated 
^-character trunc, m+ g- Xq( m +) is special. 

Let A4 be the finite set consisting of the following monomials 

m = m+, mi = m A~^ k+3 , m 2 = mi4 2 J fc _ 3 , . . . , m k = m k -\A~^. 
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It is clear that A4 satisfies the conditions in Theorem 12.21 Therefore 

trUnC m + Q- Xq(m+) = ^ 171 
meM 

and trunc m+ g- Xq( m +) is special. 

(s) (s) 

4.3. The case of T>) L Let m + = D)i with k,£ £ %>o- Without loss of generality, we can 
assume that s = 0. Then 

m + = (2o26 ' ' ' 26fc-6)l6fc+l(26fc+826fc+14 ' ' ' ^6k+6£+2)- 

Case 1. k = 0. Let U = I x {aq s :s£Z,s<6< + 5}. Clearly, all monomials in Xq{ m +) ~ 
trunc m+Q - Xq( m +) are right-negative. Therefore it is sufficient to show that trunc m q- Xq{ m +) 
is special. 

Let 

M = {m + ,m + A^}. 
It is clear that Ai satisfies the conditions in Theorem 12.21 Therefore 

trUnC m + Q- Xq(m+) = 771 

and trunc m+ g- Xq( m +) is special. 
Case 2. k > 0. Let 

m! x = 2o2q ■ ■ ■ 2 6 fc_ 6 l 6 fc +1 , m 2 = 2 6 / c+8 2 6 / c+14 • • • 2 6 fc +6 ^ +2 , 

m 1 = 2q2q ■ ■ ■ 2 6 fc^ 6 , m 2 = I6fc+i26fc+826fc+i4 ■ ■ ■ ^%k+u+2- 

Then JZ{L{m+)) C ^(x q (rn[) Xq (m' 2 )) n ^(x q (m'l)x q (rn^)). 

(s) 

By using similar arguments as the case of C)i , we show that the only dominant monomials 
in Xq( m i)Xq( m 2) are m + an d 

n = 2q2q ■ ■ ■ 26fc-6l6fc+5l6fc+726fe+1426A;+20 ' ' ' ^&k+U+2 = m +^l,6i:+2^2,6fc4-5" 
Moreover, n is not in Xq( m i)Xq( m 2) ■ Therefore the only dominant monomial in x q ( m +) is m + . 
Is) (s) 

4.4. The case of £} i. Let m + = E k i with k,£ G Z>o- Without loss of generality, we can 
assume that s = 1. Suppose that I = 2r + l,r > and = 3p,p > 1. The cases of i = 2r, r > 1, 
or k = or k = 3p + l,p > or k = 3p + 2,p > are similar. 

Then 

m = (ll I3 • • • l6p-l)(26p+426p+10 ' ' ' 26p+6r-226p+6r+4)(26p+626p+12 ' • ' ^6p+6r)- 

Let U = I x {ag s : s € Z, s < 6p + 6r + 3}. Clearly, all monomials in the polynomial Xq( m +) ~ 
trunc m+ g- Xq( m +) are right-negative. Therefore it is sufficient to show that the truncated 
g-character trunc m+ g- Xq( m +) is special. 

Let M be the finite set consisting of the following monomials 

m = m+, m 1 = m A^ p , m 2 = m\A^_ 2 , m 3p = m^p-xA^, 

m 3p+l = m 3p^2,6p-4' m 3p+2 = m 3p+1^2,6p-10' • • • ' m 4p = m 4>p-lA 2% . 
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It is clear that A4 satisfies the conditions in Theorem 12.21 Therefore 

trUnC m + Q- Xg(m+) = ^ m 

and trunc m+ g- Xq( m +) is special. 

(s) (s) 

4.5. The case of F£> t . Let m + = with k,£ G Z>i. Without loss of generality, we can 
assume that s = 1. Then 

m + = (I3.I3 ' ' ' l2fc-l)(l2fc+7l2fc+9 • • • l2fc+2^+5)- 

Case 1. k = 1. Let U = I x {ag s : s S Z, s < 2£ + 8}. Clearly, all monomials in Xq( m +) — 
trunc m+e - Xq( m +) are right-negative. Therefore it is sufficient to show that trunc m+2 - Xq( m +) 
is special. 

Let Ai be the finite set consisting of the following monomials 

mo = m + , mi = moA^\, 7712 = m\A 2 5 . 
It is clear that A4 satisfies the conditions in Theorem 12.21 Therefore 

and trunc m+ g- Xq( m +) is special. 
Case 2. k > 1. Let 

= ll I3 ' ' ' ^2k-l, m<2, = l2fc+7l2fc+9 ' ' ' ^-2k+2£+5, 
m l = lll3 • • • l2fc-3; m 2 = l2fc-ll2fc+7l2fc+9 ' ' ' l2fc+2^+5- 

Then Jt{L{m + )) C -#(XgKi)x?(^ 2 )) n ^(Xq(™'DXq(rn%)). 

(s) 

By using similar arguments as the case of CM , we can show that the only dominant monomials 
in Xq( m l)Xq( m 2) are m + an d 

n\ = ll I3 ' ' ' I2fc-3l2fc+3l2fc+9l2fc+ll ■ ■ ■ ^2k+2i+5 

= 'm+A 12k A 22k+3 A 12k+e , 

n-2 = ll I3 ' ' ' I2fc-3l2fc+7l2fe+9l2fc+13l2fc+15 ' ' ' ^2k+2l+5 

— n-. 4 _1 4 _1 4 _1 

— "-l^li j 2fc+4^ 1 2,2fc+7^ 1 l,2fc+10' 

n 3 = ll I3 ' ' ' l2A;-5l2fc+7l2fe+13l2A;+15 ' ' ' l2fc+2^+5 

-T7r,4 _1 4 _1 4~ x 4 _1 4 _1 4 _1 

— "-2^ lj2 fc_2^ 1 2,2fc+l^ 1 l,2fe+4^ 1 l,2A:+2 yl 2,2fc+5^ 1 l,2A:+8' 

"4 = ll I3 ' ' ' I2fc-7l2fc+13l2fc+15 ' ' ' l2fc+2^+5 

— T7o4 _1 4 _1 4 _1 4 _1 4 _1 4 _1 

— "-3^ 1 i ) 2fc-4^ 1 2,2fc-l yl l,2fe+2^ 1 l,2A: yl 2,2fc+3 yl l,2A:+6- 

Moreover, m, ri2,ns, are not in Xq( m 'i)Xq{ m 2)- Therefore the only dominant monomial in 
X q (m + ) is m + . 

5. Proof of Theorem 13.41 
We use the FM algorithm to classify dominant monomials in Xq(£)Xq(JZ), Xq(X)Xg(P)j an d 

Xq(S). 
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5.1. Classification of dominant monomials in Xq(£)Xq(R-) and x g (T)x ? (B). 
Lemma 5.1. We have the following cases. 

(1) Let M = B^t-iBk-^ik > 1,1 > 1. Then dominant monomials in Xq(^kl-i)Xq{^k-il) are 

M = M, M l= MA~j +6fc+2 ,_ 2 , M 2 = M!A-; +6fc+2< _ 4 , . . . , 
M t -i = M,_ 2 A-j +6fc+2 , M £ = M e ^A^ s+6k _ 3 A-^ +(ik , 

M e+1 = M^A~ j +6fc _ g , M e+2 = M e+1 A 2 ], +6k _ 15 , M k+t _ x = M k+e _ 2 A 2 ]. +3 . 

The dominant monomials in Xqi^k^^i^k-i^l-i) are ■ • • , M k +e-2- 
f2j Let M = C^_ ± C k ^^,k > 1,£ > 1. T/ien dominant monomials in Xg(C^]„ 1 )Xg(cf. S ^i 6 ]) a r e 

M = M, Mi = MA-] +6fc+6 ^ 5 , M 2 = MiA 2 j +6fc+6 ^_ n , . . . , 

M/_i = M^_ 2 A 2 ] +6fc+7 , M £ = M/_iAj ) J +6fc _ 3 A-J +6fc A-J +6fc _ 2 Aj ) J +6fc+1 , 

M £+ i = M^A~ s+6fc _ g , M £+2 = M £+i^ s+6 fe-i5' • • • ' M fc+£-i = M fc+£-2A^, +3 . 

T/ie dominant monomials in Xqi^l^Q^k^-il-i) are • • • ' -^fc+£-2- 
f3j Let M = Dq S ]_ 1 ^q +8 \ £ > 1. T/ien dominant monomials in Xqi^^e-^Xqi^/o^) are 

M = M, Mi = MA 2 j +6£ _ 1; M 2 = M!A 2 j +6£ _ 7 , . . . , 
M £ _! = M,_ 2 A 2 - S 1 +11 , M e = M^A-^^A-^,. 

The dominant monomials in Xq{^\)\)Xq{&i-iQ) are Md 5 • • • ,^e-i- 

l± — n^ S ) r)( S + 6 ) £• 1 ^ 1 Than Anrninnni mnnnmnnla *V> 1/ (T)( S ) W f<T)( s + 6 )^ 

are 



Lei M = ^ £, A; >!,■£>!. T/ien dominant monomials in Xqi^k e-i)X<i(Pk-i U 



M M, M. MA 2 j +6fe+6 ,_ 1 , M 2 = M!A 2 j +6fc+6 ,_ 7 , . . . , 
M € _i = M € _ 2 A 2 j +6fc+n , M £ = Mjf_iA-J +6fc+2 A^J +6fc+5 , 

M m = M^A 2 j +6fc _ 3 A-j +6fc , M^ +2 = M €+1 A 2 j +6fc _ g , M k+i = M fc+£ _iA 2 j +3 . 

The dominant monomials in Xqi^kl^Q^k-ie-i) are ' ' ' ' ^k+£-i- 
(5) Let M = k > M > 1- 

If £ = 2r + 1, then dominant monomials in Xq{^\-i)^<i^k-i\) are 

M = M, Mi = MA 2 j +2fc+3 ,_ 3 , M 2 = M 1 A 2 -i +2fe+3£ _ 9 , . . . , 

M r = M r _iA 2 j +2fc+6 , M r+ i = M r A 1 ^ +2k _ 1 A 1 ^ +2k _ 3 A 2 ^ +2k , 

M r+2 = M r+1 A~^ s+2k _ 5 , M r+3 = M r+2 A~], +2k _ 7 , M fe+r _i = M fe+r _ 2 A]~j +1 . 

TTie dominant monomials in Xq{£^\)Xq{£ k -i\-i) are -^Oj ■ ■ ■ > -^fc+r-2- 
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If £ = 2r, then dominant monomials in Xq{^k\-i)^<i^k-i\) are 
M = M, M 1 = MA~l +2k+u _^ M 2 = M!^ +2fc+M _ 10J . . . , 

M r-1 = M r-2A 2 ], +2k+8 , M r = M r _i A 1 j +2 fc_i^ 2 ,s+2fc+2' 

M r+ i = M r A 1 ] i+2k _ 3 , M r+2 = M r+ \A l j +2fc _ 5 , . . . ,M fc+r _! = M k+r _ 2 A 1 ] j+1 . 

The dominant monomials in Xqi^kl^n^k^-il-i) are -^0; ■ ■ ■ , -Wfe+r-2- 
(6) Let M = Fkl-i-^k-^h k > 1,£ > 1. Then dominant monomials in Xq{^kl-i)Xq(^k-il^ are 
M = M, M X = MA^ s+2k+2e+3 , M 2 = M 1 A^ +2k+2t+v 
M £ _i = M £ „ 2 A^ +2fc+7 , Mi = Mg_iA^ +2A ._ 1 yl~ s+2fe+2 A~ s+2S . +5 , 
M £+1 = M £ A~j +2fc _ 3 , M, +2 = M^ +1 A-j +2jfc _ 5 , . . . , M^,^ = M fc+ ,_ 2 A-j +1 . 

T/ie dominant monomials in Xqi^i^XqiJ'k^ii-i) are -^°> • • • >-^fe+€-2- 
In each case, for each i, the multiplicity of Mi in the corresponding product of q- characters is 1. 

Proof. We prove the case of Xq{^ k S \_i)Xq{C^i\) ■ The other cases are similar. Let m\ = C^ k \_ v 
m' 2 = C k ^\. Without loss of generality, we assume that s = 6. Then 

m 'l = (262l2 • • • 26fc)(26fc+lo26fc+16 • • • 26fc+6£-2), 

m 2 = (2l2 • • • 26fc)(26fc+lo26fc+16 • • • ^6k+6£-2^6k+S£+4) ■ 

Let m = m\m 2 be a dominant monomial, where m% G x<?( m i)^ = 1 5 2. Denote by m.3 = 
2 6fc+ i 2 6fc+ i 6 • • • 2 6fc+6 £+4- If m 2 G X 9 (2i 2 • • • 2 6A )(x ? (m3)-m 3 ), then m = m 1 m 2 is right negative 
and hence m is not dominant. Therefore m 2 G X<j(2i2 • • • 26fc) m 3- 

Suppose that m 2 G ^#(L(m 2 )) n ^(x 9 (2i2 • • • 2 6 / c _ 6 )(xg(2 6 fc) - 2 6k )m 3 ). By the FM al- 
gorithm for L(m 2 ) and Lemma 13.11 m 2 must have a factor 2 f T fc 1 +6 or 1^. , 7 or 2 6fc 1 +g . By 
Lemma 13.11 mi does not have the factors 26^+6 an d %6k+8- Therefore m 2 cannot have fac- 
tors 2^, , 6 and 2 f T fc 1 +g since m = mim 2 is dominant. Hence lgi_7 is a factor of m 2 . Since 
m = mim 2 is dominant, we need to cancel lgfc +7 using a factor in m\. By Lemma 13. 1\ the 
only possible way to cancel by m i is to use the factor I6fc+5l6fc+7l6fc+92^ 1 +8 2 6fc 1 fl0 or 

l6fc+5l6fc+7l 6fc 1 f ii 2 6fe+8 of m i comin g from Xq(2ek)- Since 2~ k+8 cannot be canceled by any 
monomials in Xq{^G^i2 • • • 26fc-6)> we have the factor 2 ( T fc 1 +8 in m = vn\rn 2 and hence m is not 
dominant. Therefore m 2 G ^({L{2\ 2 ■ ■ ■ 2g/ c _6))2gfc7B3. By the FM algorithm, m 2 = m' 2 . 

If 

m l £Xg(26 - - - 26fc26fc+lo26fe+16 1 " " 26fc+6£-8)(X<j(26fc+6^-2) 
— 26fc+6£-2 — 2 6fc 1 +6 ^ +4 l6fc+6£-ll6fc+6^+ll6fc+6^+3)) 

then m = m\m 2 is right-negative and hence not dominant. Therefore m\ is in one of the 
following polynomials 

X<j(26 - ' ' 26fc26fc+lo26fc+16 • • • 26/c+6£-8)26/c+6£-2, (5.1) 
Xq(26 • • • 26fc26fc+lo26fc+16 ' ' ' 26fc+6£-8)2 6A . 1 f6£+4 l6fc+6^-l l6fc+6^+l l6/c+6£+3 • (5-2) 
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If mi is in (|5.ip . then m\ = m! v The dominant monomial we obtain is M$ = m^m^. If mi is 
the highest monomial in (|5.2p . then we obtain the dominant monomial Mi = mim' 2 . Suppose 
that mi is in 

^#(L(m'i)) PI ^(Xq(2Q ■ ■ ■ 2 & k 26A:+lo26£:+16 ' ' ' ^k+U-li){Xq{^&k+U-») 
— 26/c+6£-8 ) l6fc+6£- 1 ^-6k+6£+ 1 l6fc+6^+3 ) • 

By the FM algorithm for L(m 4 ), 

m l ^Xq(^6 - - - 26fc26fc+lo26fc+16 ' ' ' ^6k+6£-14:) x 

x (2Qk+6e-2^k+Qe-7^6k+6e~5^6k+6e-3) (\k+U+4 ^k+U-lMk+U+l^Qk+U+z) ■ 

We obtain the dominant monomial Mi = mim 2 . Continue this procedure, we obtain dominant 
monomials M3, . . . , Mg_\ and the remaining dominant monomials are of the form mim' 2 , where 
mi is a non-highest monomial in 

^#(L(m'i)) n ^#(L(2 6 • • • 26fc))2 6fc 1 +16 2 6fc 1 f22 • • • 2 6fc 1 +6 ^ +4 l 6 fc + iil6/ c +i3 • • • i6fc+6^+3- 

Suppose that mi is a non-highest monomial in the above set. Since the non-highest monomials 
in Xq(^6 ' ' ' %6k) are right-negative, we need cancellations of factors with negative powers of 
some monomial in Xq(^6 • • • ^6k) with 2 6fc+ i l6fc+nl6fc+i3 • • • hk+ee+3- The only cancellation can 
happen is to cancel 2 6 fc +10 or l6fc+n- Since lg fe+ g does not appear in Xq(^6 ' ' ' 2 6k), l6fe+il cannot 
be canceled. Therefore we need a cancellation with 2efc + io. The only monomials in Xq(^6 • • • ^6k) 
which can cancel 2gfc+io is i n ° ne of the following polynomials 

Xq(^6 • • • 26/c-6)l6fc+ll6fc+92g A . 1 + i , 
Xg( 2 6 • • • 26fc-6)l 6 fc 1 +3 1 6fc+926fe+22 6A . 1 +10 , 
Xq{^6 ■ ■ ■ 26fe-6)l6fc+5l6fc+7l6fc+92 6A . 1 +8 2 6A; 1 +10 . 

Therefore mi is in one of the following sets 
^(L(m[)) n ^#(L(2 6 • • • 2 6fc _ 6 ))l 6fc+ il 6fc+9 2 6A , 1 +10 • • • 2 6A , 1 +6£+4 l 6fc+ n • • • l 6fc+6 ^ +3 , (5.3) 
Jt (L(m[)) n Jt {L(2q ■ ■ ■ 2 6 fc_ 6 ))l 6fc 1 +3 l 6 fc + 92 6 fe + 22 6A; 1 +10 • • • 2 6k+6i+4 l6k+xi ■ ■ ■ i6fc+6^+3> (5.4) 

^(L(m[)) n ^#(L(2 6 • • • 2 6fc _ 6 ))l 6fc+ 5l 6fc+ 7l 6fc+9 2 6A , 1 +8 2 6fc 1 +10 ■ ■ ■ 2 6fc 1 +6f+4 l 6fc+ n • • • l 6fc+6 ^ +3 . 

(5.5) 

If mi is in (|5.4p . then we need to cancel 1-Q k \ 3 - We have 

J( (L(2 6 • • • 2 6fe „ 6 )) C J( (x 9 (2 6 • • • 2 6fc _i 2 )xg(2 6 fc-6))- 
By Lemma 13-H only the monomials 

l6fc-5l6fc+32 6(! ! + 4, l 6fc 1 _ 3 l6fc+326fc-42 6fc 1 +4 , hk-lhk+lhk+3^ 6 k +2 2 6k+4 

in Xq( 2 6k~6) can cancel lgj.i 3 . But these monomials have the factor 2gi_ 4 which cannot be 
canceled by any monomials in Xq{%6 • • ■ 25^-12) or by m 2- Hence mi is not in (|5.4p . 

If mi is in (|5.5p . then we need to cancel 2 6 ~ fc 1 +8 . But 2 6 ~ fc 1 +g cannot be canceled by any monomials 
in Xqi^e • • • 26fc-6) or by m 2 . Therefore mi is not in (|5.5p . Hence mi is in (|5.3p . 
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If mi is the highest monomial in (|5.3p with respect to < defined in (|2.7p . then mim' 2 = Mg. 
Suppose that m\ a non-highest monomial in (|5,3p . By the FM algorithm, m\ must in 

Xg(26 • • • 26fc-12)2 6fc 1 l6fc-5l6fc-3l6fc-ll6fc+l l6fc+92g fc+10 ■ ■ ■ 2 6fc 1 +6£+4 l6fc+ll • • • l6fc+6£+3- 

If mi is the highest monomial in the above set, then m\m' 2 = Mg +1 . Continue this procedure, 
we can show that the only remaining dominant monomials are M^ +2 , . . . , Mk+i—i- 

It is clear that the multiplicity of M%, i = 1, . . . , k + £ — 1, in X<j( m i)x<j( m 2) is 1. □ 

5.2. Products of sources are special. 

Lemma 5.2. Let [S] be the last summand in one of the relations fi3.4ty-(3.11\). ThenS is special. 



Proof. We give a proof for S in the last line of (|3.7|) and in the last line of (|3.11|) . The other 
cases are similar. 

Let Si = X?(ci+ + i5)x g (Bi+t5p-i)^(^+P+i,o)- Let 

n l = 2 s +i2 s+ 7 • • • 2 s+ 6r-52s+6r+l5 n '\ = 2 s +6r+ll2 s +6r+17 " " " 2 s +6r+6p+5; 
«2 = 2 s+3 2 s+ g • • • 2 s+ 6 r -32 s+ 6 r +3, U 2 = l s +6r+lols+6r+12 - - - ls+6r+6p+6> 
"-3 = 2 s+ 52 s+ n • • • 2 s+ 6r+6p+5- 

Then = nm'^JS^ = n 2 n' 2 ,B^ p % fi = n 3 . Let m' = mi m 2 m 3 be a dominant 

monomial, where 

mi € ^(C^J), m 2 e ^(^ s +5 p _ 1 ), m 3 € ^(B^ lfl ). 

If m 3 / ^r+p+i,o or m i € X g (^i)(x«?(^i) - or m 2 € Xg^XXgO^) ~ n 2)> then m ' is 
right-negative which contradicts the fact that mf is dominant. Therefore m 3 = B^t,^ , mi € 
X g (ni)ni, and m 2 G X g (n 2 )n 2 . 

If m 2 is in 

^# (L(n 2 n 2 )) n ^# (xg(2 s+3 2 s+9 • • • 2 s+6r __ 3 )(xg(2 s+6r+3 ) - 2 s+6r+3 )n 2 ), (5.6) 

then 

m 2 £ Xg(2 s +32 s +9 • • • 2 s +6r-3)2 s + 6r+9 l s +6fc+4ls+6A:+6ls+6fc+8 n 2 - 

By Lemma 13. 1\ the factor 2~_^ 6r+9 cannot be canceled by any monomial in either x<j( n i) or 
X g (2 s + 3 2 s+ 9 • • • 2 s+ 6r- 3)- It is clear that 2~_^ 6r+9 cannot be canceled by n'i, n 2 , n 3 . Therefore 
27+6r+9 cannot be canceled. Hence m 2 is not in (|5,6p . Thus m 2 must be in 
^#(L(n 2 n' 2 )) n ^#(L(2 s+3 2 s+9 • • • 2 s+6r _ 3 ))2 s+6r+3 n 2 . 

Therefore m 2 = Bf+^l v 

Suppose that mi 7^ C^^ip. Then mi = m^n^, where m'i is a non-highest monomial in 
Xq( n i)- Since the non-highest monomials in Xg( n i) are right-negative, we need a cancellation 
with n'in 2 m 3 . The only cancellation can happen is to cancel 2 s+ 6 r +ii in n' 1; or cancel one of 
2 s+ 6r+3, l s +6r+io in ^2^' 2 , or cancel one of 2 s+ 6 r+ 5, 2 s+ 6r+ii in m 3 . By the FM algorithm, 
2 s+ 6r+n cannot be canceled. By Lemma l37[) l s+ 6r+io> 2<j + 6 r +3 and 2 s+ 6 r +5 cannot be canceled. 
This is a contradiction. Therefore mi = C^^ 1 ^. 

Therefore the only dominant monomial in Si is C^^B^^l ^B^^^ Q . 
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Let S 2 = X ? (^ fj )x^ r > 0, and I = 3p,p > 1. The 

cases of £ = 3p + l,p > and t = 3p + 2,p > are similar. Let 

n\ = 2 s+ i2 s+ 7 • • • 2 s+ 6r+lls+6r+8i n 'l = 2 s +6r+152<j+6r+21 " " " 2 s +6r+6p+9i 
"2 = 2 s +32 s+ g • • • 2 s+ 6 r -32 s+ 6r+3) ^2 = 2 s +6r+132 s +6r+20 " " " 2 s +6r+6p+7) 
n 3 = 2 s +52 s+ n • • • 2 s+ 6 r -l, 
ri4 = 2 s+ 6r+172 s +6r+23 ' ' ' 2 s +6r+6p+5- 

Tlnon n( S + 1 ) \ — „ r<( S + 3 ) — n R( S + 5 ) — r, R (s+6r + 17) _ 

Ihen ^ r+1)L |j ) - n i n i, L r+l ^t+±^ ~ n i n i-> B r ,o ~ n 3, -^l— J,o ~~ 4 ' 
Let m! = mi 777,2771.37714 be a dominant monomial, where 

777! G ^(2^ fj ), m 2 G ^(C^+^p, 7773 G ^(^ +5) ), m 4 G ^(s[£f^ 17) ). 

If 7774 / 774 or mi £ Xg( n i)(Xg( n 'i) — n 'i) or m 2 £ Xg( n 2)(Xcj( n 2) — re 2 )> then 777' is right- 
negative which contradicts the fact that m! is dominant. Therefore 7774 = 774, m\ G Xq( n i) n ii 
and 777 2 G Xq( n 2)n' 2 . 

If 

777i G (L(77i77'i)) fl ^#(x g (2 s+ l2 s+7 • • • 2 s+6r+ i) (x q (l s+ 6r+s) ~ l s +6r+8 ) , (5-7) 

then by the FM algorithm for L(nin^), 

Til ^ Xg(2s+l2 s +7 • • • 2 s+ 6r+l)l s + 6r . + i 2 s +6r+9 n/ l- 

It is clear that lj+^r+io ^ s n °t canceled by n±, n' 2 , 774, and any monomial in Xq{ n z)- By the FM 
algorithm for x<j( n 2™2)> 17+6r+io cannot be canceled by any monomial in Xg( w 2^ 2 )- Therefore, 
by Lemma ETTl 17+e r+ io can only be canceled by one of the factors 

ls+6r+2ls+6r+102 s + 6r+ n, 

l s +6 r +4ls+6r+lo2s+6r+32 s+ g r+ n, l s +6r+6ls+6r+8ls+6r+lo2 s+ g r+ g2 s+6r , +11 

coming from Xq(2s+6r+i), where 2 s+ 6 r +i is in n\. But then 2~} &r+ll cannot be canceled. This 
contradicts the fact that m' is dominant. Hence m\ is not in (15.61) . Thus m\ must be in 



J( {L(nin[)) n Jt (L(?7i77 / 1 )) n Jt (L(2 s+ i2 s+7 • • • 2 s+6r . + i))l s+6r+8 n / 1 . 

If mi is in 

.^(L(riirii)) n ^(L(riin[)) n ^#(x 9 (2 s+ ix 

X 2 s+7 • • • 2 s+6r _ 5 )(Xg(2 s+ 6r+l) — 2 s +6r+l)ls+6r+8«i). 

Then 

777i € Xq(2,s+l2 s+ 7 • • • 2 s+ e r _5)2 s _,!; 6r+7 l s+ e r+ 2l s +6r+4ls+6r+6ls+6r+8 ra 'l- 

The only possible way to cancel 2~_^ 6r+7 is to use one of the terms 

ls+6r+4l s +6r+8^s+6r+lo2s+6r+7) ^- s ^Q r+ Q^- s ^Q r+ s^s+6r+10^s+6r+5^s+6r+7j 2 s+ 6r+72 s + 6r+ i 1 

(5.8) 



EXTENDED T-SYSTEM OF TYPE G 2 21 

in x g (2s+6r+3), where 2 s+6r+3 is in ra 2 . But then we have to cancel l~+ 6r+1Q or 27 +6r+11 . But 
17+6r+io an< ^ 2~K r+1 i cannot be canceled. This is a contradiction. Therefore mi must in 

^£(L(nin\)) n ^(L(2 s+1 2 s+7 ■ ■ ■ 2 s+6r _ 5 ))2 s+6r . + il s+6r+8 n' 1 . 

Hence mi = nin^. 

By the FM algorithm, when we compute the g-character for x<j( n 2^2)> we can onr y choose 
one of the following terms 

2s+6r+3) ls+6r+4ls+6r+6ls+6r+82 s _(_g r _(_g, l s -|_6r+4ls+6r+6 lg+6r +10' 

ls+6r+4l s +6r+8ls+6r+10^s+6r+7, l s +6r+6"'-s+6r+8-'-s+6r+10^s+6r+52s+6r+7) 2 s + 6r+11 2 s+ 6 r +7 

in Xg(2 s +6r+3)- Since 27_ 1 1 6r , +9 , I7^ 6r+1Q! and 27_j; 6r+11 cannot be canceled, we can only choose 
2 s _|_6r+3- Therefore m<i is in 

^£(L(n 2 n' 2 )) n ^(L(2 s+3 2 s+9 ■ ■ ■ 2 s+6r _ 3 ))2 s+6r . +3 77 2 - 

Therefore m 2 = n^n^- 
If ttt-3 is in 

^(L(n 3 )) n ^(xg(2 s+ 52 s+ n • • • 2 s+6r „ 7 )(x g (2 s+6r _i) - 2 s+6r _i)), 

then, by Lemma 13. 11 m = m\m 2 mj > m^ is non-dominant since m\ = nin' 1 ,m2 = n^n^rn^ = 714. 
This contradicts the fact that m is dominant. Therefore 777,3 is i n 

^(L{n 3 )) n ^(L(2 S+5 2 S+U ■ ■ ■ 2 s+6r _ 7 ))2 s+6r ._i. 

Hence 7773 = n 3 . 

Therefore the only dominant monomial in S 2 is D^ s+1 ^ e C e+1 B^ 5 ' B^® 7 '^ 17 . □ 

^ ~ t - ' L 3" J r ~t~TL 3 J ' L 3 J >^ 

5.3. Proof of Theorem 13.41 By Lemmas 15.11 and 15.21 the dominant monomials in the q- 
characters of the left hand side and of the right hand side of every relation in Theorem 13.41 are 
the same. The theorem follows. 



6. Proof of Theorem 13.51 

By Lemma [5721 <5 is special and hence irreducible. Therefore we only have to show that T ~®B 
is irreducible. It suffices to prove that for each non-highest dominant monomial M in T <X> B, 
we have Jt(L{M)) gt Ji(T ® B). The idea is similar as in |Her06| . jMYllbj . Recall that the 
dominant monomials in T ® B are described by Lemma 15.11 

Lemma 6.1. We consider the same cases as in Lemma \5.1[ In each case Mi are the dominant 
monomials described by that lemma. 

(1) Fork>l,£> \, let 

?7i = MiA7j +6fc+2 ^_ 2 , 77 2 = M 2^r]+6fc+27>-4> 

nt+i = M e+ iA^ s+6k _ Q , n k+i _2 = M k+ e- 2 A 2 ]. +g . 
Then for % = 1, . . . , k + 1 - 2, m G Xq( M i) and n { XqiB^XqiB^j^) . 
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(2) Fork>l,£> I, let 

m = M x A~], +%k+u ^, n 2 = M 2 A~^ s+6k+(ie _ lv 

ne-i = M z-iA 2 ^ +&k+7 -, ri£ = M e A 2 ^ +6k _ 3 A 1 ^ s+6k A 1 ^ s+6k _ 2 A 2 ], +6k+1 , 
n e+1 = M e+1 A~^ s+6k _ g , n k+e _ 2 = M k+e-2^2,l+9- 

Then fori = l,...,k + £-2, ni e Xq (Mi) and m X^cgjx^C^J-i)- 

(3) Fork>0,£> I, let 

m = MiA^ +6jfc+w _ 1 , n 2 = M 2 A-], +( . k+6e _ 7 , 

n e+1 = M i+1 A 2 ^ s+6k _ 3 A^ s+6k , n i+2 = M i+2 A 2 j +6fc _ 9 , . . . , n fc+£ _i = M k+ e-iA 2 l s+9 . 

Then fori = l,...,k + £-l, ni e Xq (M t ) and m X q (^k-i}-i)x q (Pk})- 

(4) For k > 0,£ = 2r + l,r > 0, let 

m = MiA~J +2fe+3£ _ 3 , n 2 = M 2 A-l +2k+3e _ 9 , 

n r = M r A 2 ^ s+2k+3 , n r+ i = M r+1 A ls+2k _ 1 A ls+2k _ 3 A 2s+2k , 

n r+2 = M r+2 A 1 ] i+2k _ 5 , . . . , rik+r-2 = Mk +r - 2 A lt l +3 . 

Then for i = 1, . . . ,r + k - 2, Hi G x q ( M i) and n { X<?(^)x<z(4-i^-i) ■ 
Fork>0,£ = 2r,r > 1, let 

m = MiA 2 ], +2k+u _ A , n 2 = M 2 A 2 ], +2k+3e _ w , 

n r _i = M r ^iA 2 ^ s+2k+s , n r = M r A 1 ^ s+2k _ 1 A 2 ^ s+2k+2 , 

n r+ \ = M r+ iA 1 5 +2 fe_3) • • • > nk+r-2 = Mk+ r ~ 2 A 1 1 s+3 . 

Then for i = 1, . . . , r + k - 2, rii G x q { M i) and n i X<?(^)x?(4-i^-i) ■ 

(5) For k > 1,£ > I, let 

m = MiA^ s+2k+2W n 2 = M 2 A~^ s+2k+2e+1 , 

n £ _x = Mjf_iA-J +2fc+7 , n e = M € ^~^ +2fe _ 1 ^ j +2k+2 A^ s+2k+5 , 

n e+1 = M e+1 A~ s+2k _ 3 , n k+e - 2 = M k+ e- 2 A^ s+3 . 

Then i = l,...,k + £-2,me Xq (M z ) and n z £ X 9 (^)x?(^5?-i)- 

Proof. We give a proof in the case of x q {Ckl)x q {Ck-ii-i) • The other cases are similar, 
definition, we have 

)(2s+6fc+42 s +6fc+10 • • • 2 s+ 6fe+6£-82 s +6fe+6£-2), 

Cfc!_t 6 ]_i = (2 s +62 s +i2 • • • 2 s+6 / c _ 6 )(2 s+6fc+4 2 s+6fc+10 • • • 2 s+6fc+6 ^_ 8 ), 

M — r Y<s )r ,( > +6 ) 4-1 

M i ~~ °fc,£ Ly fc-i^-i yi 2,.s+6fc+6£-5 

_ rY( s )/-vO+6) -i o-i i i i 

- L 'fc^ fe-l,£-l / s+6fc+6^-8 2 s+6fc+6£-2 i s+6fc+6£-7J-s+6fc+6£-5ls+6fc+6£-3- 
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By U q2 (sl2) argument, it is clear that n\ = -^1^2 s+6fc+6£-5 is in Xq(M\). 

If m is in Xq(Ck})Xq(Ck^i}-i), tnen C k} A 2?s+6k+6e-5 is in X<i( C k}) wnich is impossible by 
the FM algorithm for c£ S j. Similarly, m € Xq(Mi),i = 2, ... ,£ — 1, but ri2, . . . , f^-i are not in 

X,(C#)Xi(?£J3-i). 
By definition, 

= (2 s 2 s +6 ' ' ' 2 s +6fc-6)(2s+62 s +12 • • • 2 s+ 6ifc-12)(ls+6A;-5ls+6£:+3ls+6fc+5 ' ' ' ls+6fc+6£-3)- 

Let U = {(l,aq s+6k ),(l,aq s+6k - 3 ),(2,aq s+6k - 2 ),{2,aq s+(ik+1 )} C / x C x . Let M be the finite 
set consisting of the following monomials 

m = M t , mi = m A-l +6k _ 3 , m 2 = mi^ +6fc , m 3 = m 2 A~^ s+6k _ 2 , m 4 = rn 3 A^ s+6k+v 

It is clear that A4 satisfies the conditions in Theorem 12.21 Therefore 

tlunc m+ Q~(x q {M e )) = m 

and hence n e = M e A-^ +6k _ 3 A^ s+Gk A^ s+6k _ 2 A-^ s+6k+1 is in *,(M/). 

If ^ is in X g (Ci/)X g (4- + M-l)' then C S j4 2 ;s+6fe-3 A r; s 1 +6^i; s 1 +6fe-2 j4 2;s+6fc+l is in Xqirf}) 

(s) 

which is impossible by the FM algorithm for C k i. 

Similarly, we show that for i = £+1, . . . ,k + £ — 2, n» € Xq(Mi) and ™i Xg(Q s ])Xg(C^ 6 i-:L)- 

□ 

7. The second part of the extended T-system 

Let Bl%cl%D[%Ei%FQ be the monomials obtained from B« C#, L>g, F fe ( J by 
replacing i a with i_ a , i = 1,2. Namely, 

a-\ \ /fc-i \ \ /fe-i \ 

B k ^ = I ]^[ l- s -6/fc-2i-l J I ]^[ 2- s -6i J , C k £ = I Y\ 2_ s _6fc-6i-4 J I 2- s -6i J j 
\i=0 / \i=0 / \i=0 / \i=0 / 

D k S J = I 2_ s _ 6fc _ 6i _g J l_ s _ 6fc _! I Y\ 2_ s ._ 6 j J , F^J = I Y\ l-s-2jfc-2i-6 J I l-s-2i J , 
Vi=0 / \i=0 J \i=0 J \i=0 J 



^k,i - 1 n 2 -s-2k-&i-b i ( n 2_ s ._ 2 fc-6i-3 1 ( n 1 



L^-J \ / L-5-J \ /fe-i 




s-2i 

i=Q / V i=0 / Vi=0 



Note that, in particular, for k S Z>q, s € Z, we have the following trivial relations 



rO) _ /?(«) _ n{s-i) fAs) _ £(s) Z(s) _ _ t-(s-6) _ -£.(«) / ? -.n 

We also have £><g = ^i'l'^^ = ^7 "^"^ fc G Z >o, a G ^. 

Note that ^ki^^i^ko are m i mma l affinizations. In general, the modules B k ], C ke , i*^, 
S k ], J-^\ are not special. For example, we have the following proposition. 

Proposition 7.1. The module B^f\ = L(lol2l42n) is not special. 
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Proof. Suppose that L(lol2l42n) is special. Then the FM algorithm applies to L(lol2l42n). 
Therefore, by the FM algorithm, the monomials 

I0I2I4211, I0I2I6 1 2s2ii, I0I4 1 1 6 1 232s2ii, 1 2 x l 4 1 1 6 1 2i23252n, 2 7 1 232s2n, 

2 7 1 2 g 1 l4l6l8252n, 2 7 1 l4l6l 10 1 252n, l4l 8 1 l 10 1 252n, lg 1 1 8 l w 2^2n, 25 

are in 1 /#(L(loi2l42ii)). Hence ^#(-L(lol2l42n)) has at least two dominant monomials I0I2I4211 
and 25. This contradicts the assumption that L(1q12142ii) is special. □ 

Theorem 7.2. TZie modules Bk\iCk\^k\^k\^ki> -s G Z, Zc, Z, G Z>o are anti-special. 
Proof. This theorem can be proved using the dual arguments of the proof of Theorem 13.31 □ 
Lemma 7.3. Let 1 : 7LV — > °ZV be a homomorphism of rings such that Yi^ aq s 1— >■ Y^ 1 12 _ s , Y"2,a<j s l— >• 
KT 1 19 , for aZZ a G C x , s G Z. TZten 

Proof. Let m + be one of B^\, cjfj, D^\, FjfJ . Then x g (rn+) can be computed by the FM 
algorithm starting from the lowest weight using Ai^ a with i G I, a G C x . The procedure is dual 
to the computation of x g (m_|_) which starts from m + using with i G /, a G C x . The highest 
(resp. lowest) /-weight in x<?( m +) is sen t to the lowest (resp. highest) Z-weight in Xq( rr ^+) by 
1. ' □ 

Note that Lemma 17.31 can also proved using the Cartan involution in Id MM . 
The modules B { °\ , C$ , V%] , 8$ , J$ satisfy the same relations as in Theorem 13.41 but the 
roles of left and right modules are exchanged. More precisely, we have the following theorem. 

Theorem 7.4. For s G Z, k,£ G Z>i, t G Z>2, we have the following relations in Rep(f7 g g). 

r? 5(s+6) lr ^(s) i _ r»(*)ir»(>+6) i rpO+1) i r f 5(s+6fc+6) 1 



rc(s)l _ r/5(*+3) ir(50+5)i 
L fc o^J - ^ L l±ij i0 J^L|J,0 J ' 



c(s+2)irc(s) l _ rc(*)irp(s+2) 1 1 



[^53][BSS][flJS52] if t = 3r + 2, / = 2p - 1, 

$.+ + P +i,o] [4 +3) ] [BCT </ « = 3r + 2, £ = 2p, 

[BSSS^J[^J3][BCT (T* = 3r + 3,/ = 2p - 1, 

[B&Sp-J [BJSJa^J [C& +5) ] </ 1 = 3r + 3, 1 = 2p, 

[^^[bSw-J^JS] </* = 3r + 4,i = 2p - 1, 

[ [C?^] [bSJVJ $+ + p 1 ] </ < = 3r + 4, £ = 2p, 



r^f(s+6)ir^(s) 1 _ r^i»ji rs,(s-rv) i r-r-is-i-i; , 
L^jfc-l^JL^fc^-lJ — L^Jfc^JL^fc-l^-lJ K 3fe-2,3£-2J' 
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\B is+8) ]\f> is) ] - \V is) ]\B {s+8) ] + \B {s+A) 1 



[^[^ii = [^£51i] + ^ 



[^a][^li] = [^& ) ][^31i] + ^ 



3fc-l,3£-D' 



r ^[^ll^j]^^ 11 ^ i/ * = 3r + 1, 



Moreover, the modules corresponding to each summand on the right hand side of the above 
relations are all irreducible. 

Proof. The theorem follows from the relations in Theorem l3,4t Theorem l3.5[ and Lemma[7]2J D 
The following proposition is similar to Proposition 13.61 

Proposition 7.5. Given Xq( Is) > Xgi^s), one can obtain the q-characters ofBu\, c[ s ], T^\, fK, 
J^jfl, s 6 Z, k,£ (z Z>q, recursively, by using (7.1), and computing the q-character of the top 



module through the q-characters of other modules in relations in Theorem \7.4\ D 

8. Dimensions 

In this section, we give dimension formulas for the modules B^\, C^ s ], £>jf], -T 7 ^], 

M s ) f)( s ) r( s ) x-( s ) 
u k,£> h,li k,£ ' fe,£- 

Note that dimensions do not depend on the upper index s. Note also that dimM = dimM 
for each M = flM c jM £ W ? j-W. 

Theorem 8.1. Zei s £ Z, k, £ £ Z> . Then 

dimB^ = (£ + 2)(* + 1)(1 + + 3 + + 2 + *) 

(54£ 3 fc 3 + 2A3£ 2 k 3 + 363tt 3 + 180/c 3 + 2784f 2 /c 2 + 1080A; 2 + 162^ 4 £; 2 
+ 2880£A: 2 + l\U£ 3 k 2 + 162£ 5 k + 1539£ A k + 5490£ 3 k + 9\32£ 2 k + 7057tt+ 
2040/c + 54£ 6 + 648£ 5 + 3069£ 4 + 7272^ 3 + 8977^ 2 + 5380£ + 1200)/ 14400, 

dimB^+i = + 3)(£ + 2)(* + 1)(1 + k)(k + 2 + £){k + 4 + £){k + 3 + I) 
(171£A; 2 + 120A: 2 + 54^ 2 A; 2 + 600/c + §2l£ 2 k + lO^fc 
+ lllMk + 54£ 4 + 450£ 3 + 1341£ 2 + 1665^ + 700)/14400, 

dimB^ +2 = (£ + 3)(£ + 2)(£ + 1)(1 + k)(k + 4 + + 3 + £)(2 + A; + £) 
(300/c 2 + 261tt 2 + 54^ 2 A; 2 + %9l£ 2 k + 237Mk + 2040/c 
+ 108£ 3 k + 54£ 4 + 630£ 3 + 2691£ 2 + 4995£ + 3400)/14400, 
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dim = (£ + 2)(£ + l)(k + 2){k + l)(fc + 3 + £){k + 2 + £) 

(3k 2 + 3£k 2 + 12k + 15£k + 3£ 2 k + 3£ 2 + 12£ + 10)/240, 

dim£>g = (£ + 2)(£ + l)(fc + 2)(fc + l)(k + 3 + £){k + 4 + 

(3£k 2 + 6/c 2 + 3^ 2 /c + 30/c + 2\£k + 6£ 2 + 30£ + 35)/240, 

(£ + 2)(£ + l)(k + l)(k + £+l)(k + £ + 2) 2 {k + £ + 3) 2 
(27k 4 £ 2 + 81k 4 £ + 54k 4 + 81fe 3 ^ 3 + 468k 3 £ 2 + 825fc 3 ^ 
+ 432A: 3 + 81k 2 £ 4 + 711fc 2 ^ 3 + 2184fc 2 ^ 2 + 2754fc 2 ^ + 1179& 2 + 27k£ 5 + 
342k£ 4 + 1593H 3 + 3438£^ 2 + 3435M + 1260/c + 18^ 5 
+ 180£ 4 + 696£ 3 + 1296^ 2 + 116M + 400)/28800, 

= + 3)(* + 2)(* + l)(fc + l)(fc + £ + 4)(fc + £ + 2) 2 (A; + £ + 3) 2 
(27fc 4 ^ + 54fe 4 + 81k 3 £ 2 + 4\4k 3 £ + 510& 3 + 81k 2 £ 3 + 
684k 2 £ 2 + 1842/c 2 £ + 1611fe 2 + 27M 4 + 342H 3 + 

1512H 2 + 2808H + 1875& + 18£ 4 + 180£ 3 + 642^ 2 + 960£ + 500)/28800, 

dim£^ +1 ^ = + 2){£ + l)(k + l)(fc + £ + 4)(fc + £ + 2) 2 (fc + £ + 3) 2 
(27k 4 £ 2 + 81k 4 £ + 54k 4 + 8lk 3 £ 3 + 477A; 3 ^ 2 + 852fe 3 £ 
+ 450& 3 + 81fe 2 ^ 4 + 747fe 2 ^ 3 + 2373fc 2 £ 2 + 3069/c 2 £ + 1341fe 2 + 
27M 5 + 387H 4 + 1935H 3 + 4353H 2 + 4461H + 1665A: 
+ 36£ 5 + 360£ 4 + 1374£ 3 + 2490^ 2 + 2U0£ + 700)/28800, 

dim£$ +12e+1 = (£ + 3){£ + 2){£ + l)(k + l)(fc + £ + 2){k + £ + 3) 2 (fc + £ + 4) 2 
(27A; 4 ^ + 54fc 4 + 81fe 3 ^ 2 + 450k 3 £ + 582A: 3 + 81A^ 3 + 774A; 2 ^ 2 + 
2310fc 2 £ + 2193/c 2 + 27H 4 + 414H 3 + 2124H 2 + 4488H+ 
3375/c + 36f 4 + 396f* + 1590^ 2 + 2760£ + 1750)/28800, 

dim 5^ u = (£ + 2){£ + l)(k + 2){k + l)(fc + £ + 4){k + £ + 2){k + £ + 3) 2 
(27/c 4 £ 2 + 8lk A £ + 54k 4 + 108fe 3 £ 3 + 648A; 3 £ 2 + 1176k 3 £ 
+ 630/c 3 + 162/c 2 ^ 4 + 1458/c 2 ^ 3 + 4629/c 2 ^ 2 + 6057/c 2 £+ 
2691/c 2 + W8k£ 5 + 1296H 4 + 5946/cf 3 + 12942H 2 + 13230H + 4995A: 
+ 27£ 6 + 405£ 5 + 2439^ 4 + 7515£ 3 + 12429^ 2 + 10395^ + 3400)/28800, 



dim£ 3k\2i = 



dim 4fc,2£+l 
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dim£$ +22i+1 = (£ + 3)(£ + 2){l + l)(fc + 2){k + l)(k + £ + 5)(fc + £ + 2) 
(A; + £ + 3) 2 (fc + £ + 4) 2 (9k 2 £ + 18fc 2 + 

18M 2 + 99k£ + 128fc + 9£ 3 + 81£ 2 + 237^ + 225)/9600, 

dim = {£ + 2) 2 {£ + lf{k + 2) 2 {k + lf{k + £ + 3) 2 

{27k 4 £ 2 + 81A; 4 £ + 54k 4 + 54fc 3 ^ 3 + 405fe 3 ^ 2 + 801A; 3 £ + 432fc 3 + 27k 2 £ 4 + 

4U5k 2 £ 3 + 1746/c 2 £ 2 + 2646fc 2 £ + 1179A: 2 + Slk£ A + 801H 3 + 

2646H 2 + 3342M + 1260A: + 54£ 4 + 432£ 3 + l\79£ 2 + 1260^ + 400)/57600, 

{£ + 2) 2 {£ + l) 2 (fe + 3)(fc + l)(fc + 2) 2 (fc + £ + 4)(fc + £ + 3) 
(27A; 4 ^ 2 + 8lk 4 £ + 54fe 4 + 54k 3 £ 3 + 414A; 3 ^ 2 + 828fe 3 £ + 450/c 3 + 
27fe 2 ^ 4 + 414fe 2 £ 3 + 1854fc 2 ^ 2 + 2907A; 2 £ + 1341& 2 + 8lk£ 4 + 864k£ 3 + 
3063£^ 2 + AlWM + 1665k + 54£ 4 + 498£ 3 + 1563£ 2 + 1905^ + 700)/57600, 

: {£ + 2f{£ + \f(k + 3)(fc + l)(k + 2) 2 {k + £ + 4){k + £ + 3) 
(27k 4 £ 2 + 81k 4 £ + 54k 4 + 54k 3 £ 3 + 504fc 3 ^ 2 + 1098fc 3 £ + 630A: 3 + 27k 2 £ 4 + 
558k 2 £ 3 + W42k 2 £ 2 + 5355k 2 £ + 2691A; 2 + 135M 4 + 1764M 3 + 7395H 2 + 
11190H + 4995A: + 162£ 4 + 1734£ 3 + 6249£ 2 + 8475£ + 3400)/57600, 

{£ + 3)(£ + l){£ + 2) 2 (fe + 2) 2 (fc + l) 2 {k + £ + 4){k + £ + 3) 
(27k 4 £ 2 + 81k 4 £ + 54k 4 + 54k 3 £ 3 + 414k 3 £ 2 + 864£i 3 £ + 498A; 3 + 
27k 2 £ 4 + 4\4k 2 £ 3 + 1854fc 2 £ 2 + 3063A; 2 £ + 1563/c 2 + 8\k£ 4 + 828H 3 + 
29mk£ 2 + 4\\6k£ + 1905/e + 54£ 4 + 450£ 3 + 1341£ 2 + \665l + 700)/57600, 

dim = + 3)(^ + 1)(£ + 2) 2 (fe + 3)(k + l)(fc + 2) 2 (fe + £ + 3)(fc + £ + 4) 

(27fc 4 ^ 2 + 81fe 4 £ + 54fe 4 + 54fc 3 f 5 + 450A; 3 £ 2 + 972fe 3 £ + 570fc 3 + 27A; 2 £ 4 + 
450fe 2 ^ 3 + 22Uk 2 £ 2 + 3891/c 2 £ + 2061/c 2 + 81H 4 + 972M 3 + 3891M 2 + 
6060^ + 2985/c + 54£ 4 + 570£ 3 + 206 1£ 2 + 2985£ + 1400)/57600, 

{£ + 3){£ + l){£ + 2) 2 {k + 3){k + l)(fc + 2) 2 {k + £ + 3){k + £ + 5) 
(k + £ + 4) 2 {9k 2 £ 2 + 27k 2 £ + 18k 2 + 45H 2 + 135H 
+ 88k + 54£ 2 + 164^ + 105)/19200, 



Him T ( ' — 



rlim T ( ' 
Qlm - r 3k+2,3£ 



dim T y ' — 



dim -^3k+2,3l+l 
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dim J$} >3l+2 = {£ + 3){£ + l){£ + 2) 2 (k + 2) 2 (k + lf{k + £ + 4)(fc + £ + 3) 

(27k^£ 2 + 135/^ + 162/c 4 + 54k 3 £ 3 + 558/c 3 ^ 2 + I764k 3 £ + 1734/c 3 + 27/c 2 f 4 
+ 504k 2 £ 3 + 3042k 2 £ 2 + 7395/c 2 ^ + 6249A; 2 + 81/c^ 4 + 1098H 3 + 5355k£ 2 + 
11190JW + 8475/c + 54^ 4 + 630£ 3 + 269W 2 + 4995^ + 3400)/57600, 

dim J$ +li3t+2 = (I + 3) (£ + 1) (£ + 2) 2 (k + 3) (k + 1) (k + 2) 2 (k + £ + 3) (fc + £ + 5) 
(fc + 4 + 4) 2 (9£^ 2 + 45fc 2 ^ + 54k 2 + 27H 2 + 135k£ 
+ 164/c + 18£ 2 + 88£ + 105)/19200, 

dim T^ +2M+2 = (£ + 3)(£ + 1)(£ + 2) 2 (fc + 3)(k + l)(k + 2) 2 (k + £ + 4)(k + £ + 5) 

{27k A £ 2 + \35k A £ + 162/c 4 + 54k 3 £ 3 + 630/c 3 ^ 2 + 2124/c 3 ^ + 2166A; 3 + 27k 2 £ A + 
630k 2 £ 3 + A374k 2 £ 2 + 11661/c 2 ^ + 10473A: 2 + 135/W 4 + 2124/cf 3 + 11661^ 2 + 
26748/c^ + 21759A; + 162^ + 2166^ 3 + 10473£ 2 + 21759£ + 16400)/57600. 

(s) !s) 

Proof. We check the initial conditions, namely dimensions of Bq [, B\ q. We check the dimensions 
are compatible with relations (|3.ip , (j3.2|) , (|3.3p . We directly check that the formulas satisfy the 
relations in Theorems 13.41 For the checks we employed the computer algebra system Maple. 

The theorem follows since the solution of the extended T-system is unique, see Proposition 
I3~6l □ 
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